We investigate the range of inflationary universe models driven by scalar fields possessing a general interaction potential of the form V (φ) = V 0 φ n exp(−λφ m ). Power-law, de Sitter and intermediate inflationary universes emerge as special cases together with several new varieties of inflation. Analysing the behaviour of these models at the extrema of φ we derive sufficient constraints on the m -n parameter space such that inflation may occur as both an early and late-time phenomenon. We also compute the scalar and tensor perturbations produced in the model and compare these results with recent observations. PACS number 98.80.Cq
Introduction
Inflationary cosmologies have become the most popular models of the early universe. Their ability to solve many of the problems inherent in the standard cosmology [1, 2] , whilst simultaneously offering a mechanism for the generation of the seed fluctuations for structure formation [3] , consistent with recent observations [4, 5] , make inflation a very elegant and appealing scenario. Many variations now exist: in addition to Guth's original version with an ephemeral cosmological constant [6] , there exist models in which the self-interaction potential V for the inflaton field φ assumes exponential [7, 8, 9] or positive power-law forms [10] . These potentials give rise to power-law and polynomial-chaotic inflation respectively [10, 11] . Also of current interest, because of their ability to produce unusual perturbation spectra, are the intermediate inflationary models of [12 -15] . These arise when the potential behaves asymptotically as a decaying power-law.
In this paper we endeavour to combine all of these models as special cases of a single more general potential,
This possibility was originally examined by Barrow [16] , where it was shown that m ≤ 1 was a necessary condition for inflation at large values of φ. In the absence of an exact solution for the potential of Eq. (1.1) we demonstrate that the slow-roll approximation [17] is generically satisfied at large φ in all such models, when m ≤ 1. We employ asymptotic techniques to ascertain the behaviour of the system at large φ in all regions of the m -n parameter space, revealing some new types of inflationary universe. We are able to verify that m ≤ 1 is also a sufficient condition for the potential to support an epoch of inflation at large φ, and there are no constraints on the value of n in this limit. We find that when 0 < m ≤ 1 inflation occurs as a late-time phenomenon. However, in most cases with m < 0 we find that φ grows large as t becomes small and inflation is an early time feature. In these modelsφ is negative and the potential steepens at small φ to end inflation naturally.
Furthermore, if m < 0, and V is an even function of φ, then the potential will contain a minimum at φ = 0, which allows the field ultimately to decay into particles that reheat the universe once inflation ends [1] , without requiring additional modifications to the model. We also find that when m > 1, inflation occurs uniquely at early times before the kinetic energy of the field comes to dominate as t → ∞. If 0 < m < 1 inflation proceeds indefinitely. This also occurs in some models with m < 0 and should be viewed as describing the behaviour of the system on a discrete portion of some grander potential with a minimum. Finally, we calculate the scalar and tensor fluctuation spectra arising in the generalised model. We use these results in conjunction with observations to constrain further the allowed parameter values in Eq. (1.1).
Equations of Motion
We shall concern ourselves with the behaviour of a zero-curvature Friedmann universe. The matter content is dominated by a homogeneous scalar field φ with potential V (φ). The scale factor of the universe is a(t), where t is synchronous cosmic time, and we define the Hubble expansion parameter as
where an overdot represents a derivative with respect to t. Einstein's equations (in units with 8πM
2)
3)
where primes denote derivatives with respect to the scalar field and M P l is the Planck mass. Solution of these equations exactly is not always possible, although we can often make progress within the context of the slow-roll approximation. The Hubble Slow-Roll Approximation (HSRA) [17] is defined by the smallness of a set of parameters, the first two of which are given by
The condition ǫ H < 1 is identical to the conditionä(t) > 0 for inflation. In [17] the HSRA was formulated as a perturbative expansion, here we shall just be concerned with the zeroth order approximation, which neglects the kinetic terms (φ 2 andφ) in the equations of motion.
In this regime Eqs. (2.2) -(2.3) simplify to
For completeness we also mention the Potential Slow-Roll Approximation (PSRA) [17] , the validity of which is given by the smallness of the parameters
10)
The PSRA is in some respects more useful than the HSRA in that it allows a certain amount of insight into the behaviour of the system simply from examining the form of the potential. However, one should exercise caution with such an approach. Smallness of the PSRA parameters only classifies the flatness of the potential; it carries no information regarding the initial conditions {φ 0 ,φ 0 } and so offers no guarantee that the field will be genuinely slow-rolling. Thus for the PSRA to be valid requires the additional assumption that the evolution has reached a form of attractor solution, onto which all trajectories from all possible initial conditions will have converged to within acceptable tolerances. This is the inflationary attractor hypothesis discussed in [17] . The parameters ǫ V and η V for the potential of Eq. (1.1) are
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These expressions will prove useful in our later discussion of perturbation spectra as well as providing a reliable probe for determining when inflation occurs.
Asymptotic Analysis of V(φ)
The behaviour of inflationary universe models driven by potentials of the form, V (φ) = V 0 φ n exp(−λφ m ), was first investigated and classified by Barrow [16] , where it was shown that late-time inflation only occurs for models in which m ≤ 1, encompassing a broad spectrum of possibilities. When m = 0 and n is positive we have polynomial-chaotic inflation, for negative n the evolution asymptotes to intermediate inflation and when m = 1, n = 0 we retrieve the power-law inflationary solution. The choice m = n = 0 leads back to Guth's original model [6] with exponential expansion.
We shall now examine how this model behaves in the parameter ranges 0 < m < 1 and m < 0. In these cases the equations of motion are not exactly soluble, although we may make progress within the context of the slow-roll approximation. Generically this will apply on the asymptotic region of the potential, ie at large φ, allowing us to employ asymptotic techniques [18] to solve Eqs. (2.9) and (1.1) and obtain the complete slow-rolling solution.
3.1 The case 0 < m < 1
Differentiating Eq. (1.1) with respect to φ yields
We are working asymptotically in φ, where the slow-roll conditions are well satisfied and Eqs. (2.7) -(2.9) are valid. Substituting Eq. (3.1) into Eq. (2.9) and taking the asymptotic
At large φ this expression integrates approximately to yield
In the absence of an exact inversion to φ(t) we express Eq. (3.3) as,
Asymptotically the power law in φ dominates the left hand side and so the lowest-order approximation is
Rearranging Eq. (3.3) and substituting Eq. (3.5) yields φ(t) to second order,
We can now compute H(t). From Eq. (2.7) we have
Inserting Eq. (3.6) into Eq. (3.7) and taking the large t limit (t → ∞ as φ → ∞), we find
This expression may be integrated to obtain the behaviour of the scale factor. We thus obtain the full asymptotic time evolution of the system,
Analysing the positivity ofä(t) at large t in the neighbourhood of m = 1 confirms the result that inflation only occurs when m ≤ 1. Thus in general we have a new form of inflation when 0 < m < 1, m = 1. As might be expected, the solution reduces to power-law inflation when m = 1 and is independent of n to leading order.
The case m < 0
The behaviour ofφ at large φ for m < 0 leads to three distinct cases:
In this subclass of solutions the first term in Eq. (3.1) will dominate. Eqs. (2.7) and (2.8)
At large φ the integral of this expression is well approximated by
which may be inverted asymptotically. Substituting this result into Eq. (3.7) allows H(t) to be approximated at large φ, and integrated asymptotically to obtain a(t). The full solution is
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where γ 1 (t) is given by
and we note that γ 1 (t) → 1 as φ → ∞. Also,
we find three subclasses, exhibiting the following asymptotic behaviour:
(i ) n > 4. This implies n(n − 4) > 0 and α, β > 0. Eq. (3.13) reveals that t → 0 as φ → ∞ -our asymptotic analysis is thus concerned with the earliest stages of the universe's evolution.
(ii ) 0 < n < 4. Since n(n − 4) < 0, the constraints on Eq. (3.18) in this case are α > 0, 1 < β < ∞. Eq. (3.13) implies t → −∞ as φ → ∞ and inflation arises once again as a primordial effect 1 .
(iii ) n < 0. Here n(n − 4) > 0. The parameter constraints are α > 0, 0 < β < 1. In this case we are concerned with the late-time evolution of the solution since from Eq. 
In the asymptotic limit t(φ) becomes
Following the procedures of the previous section, we obtain the full asymptotic solution,
where,
We see that γ 2 (t) → 1 as φ → ∞ and so we recover the de Sitter solution in this limit, as expected. We also see from Eq. (3.20) that t → −∞ as φ → ∞ and inflation is an early-time feature in the evolution of the universe.
The behaviour ofφ at large φ for this model is identical to the case for arbitrary n. We
However, when this function is integrated in the asymptotic limit we encounter qualitatively different behaviour, vested in the appearance of a logarithmic factor,
Consequently, the asymptotic solution differs substantially,
where γ 3 (t) here takes the form
and tends to unity in the large φ limit. Eq. (3.27) reveals that t → −∞ when φ → ∞;
once again we are dealing with the early evolution of the system and Eq. analysis was employed at large t to arrive at the constraint m ≤ 1 necessary for inflation at late times (corresponding to large φ for the particular parameter ranges considered). A similar treatment here at small times would be innapropriate because of the ambiguities concerning the definition of "early-time" encountered in section 3.2. Instead we shall treat the scalar field as a time variable, as outlined in [19] . The monotonicity ofφ that is required to do this guarantees that each extremum of t will correspond to a unique extremum of φ and vice-versa; examining the system at large and small φ is sufficient to obtain the complete solution at early and late times. We thus complete our picture of inflationary models arising from Eq. (1.1) by analysing their behaviour at small φ.
Conditions on the potential such that inflation can occur, derived from perturbation theory within this φ-parameterised formalism concur with those obtained from the PSRA 2 . We shall be concerned in particular with ǫ V since it offers a good approximation to ǫ H , the smallness of which is linked directly to the positivity ofä. Inspecting the form of ǫ V for these models, given in Eq. (2.12) we see immediately that for small φ, ǫ V will always blow up unless n = 0; n = 0 is thus a necessary condition for inflation at small φ. In this case
Eq. (2.12) simplifies considerably to become
Requiring this to be small as φ → 0 is equivalent to demanding that 2m − 2 be positive or zero, leading to the constraint m ≥ 1 for inflation. The bound in parameter space at small φ is thus opposite to the bound at large φ.
Next we look for small φ solutions. Differentiating V (φ) and substituting into Eq. (2.9)
The choice m = 1 leads to power-law inflation, and so we shall be concerned only with m > 1. Two distinct cases arise:
The case m > 1, = 2
The analysis in this general case for positive m at small φ parallels that of section 3.2.2 for negative m at large φ and we obtain the approximate solution already given in Eqs. (3.21) -(3.24). When 1 < m < 2, t → 0 as φ → 0. If m > 2, t → −∞ as φ → 0 and the solution is valid at early times. Also, γ 2 (t) tends to unity in this limit, as expected.
attained well before leaving the early-time asymptopia, although in practice this should be checked.
The case m = 2
Here we discover a new type of behaviour. Eq. (4.2) integrates approximately at small φ,
The full time-evolution, valid at small φ, is then given by
with,
Eq. (4.3) reveals that t → −∞ as φ → 0 and γ 4 (t) → 1.
Models with m < 1 inflate at large t, whereas those with m = 1 inflate for all t (powerlaw inflation). It should not be surprising then that the solutions inflate at small t when m > 1. Both the solutions (3.24) and (4.6), presented above, tend to de Sitter expansion in the small t limit.
Density and Gravitational Wave Perturbations
A period of inflation in the early universe provides a means to generate the small fluctuations from which the large-scale structure we observe in the universe today can have grown. The stretching and freezing-out of quantum excitations in the inflaton and graviton fields during inflation gives rise to a spectrum of scalar and tensor fluctuations in the cosmic microwave background; they can be classified by the spectral indicesn s andn g respectively [3] . These are defined asn
is the scalar density contrast on a scale corresponding to comoving wavenumber k = aH 
Furthermore, the ratio of the amplitudes of tensor to scalar modes in the COBE signal on a scale corresponding to the l th multipole of the temperature anisotropy expansion is
where l is the multipole corresponding to the scale k(φ) at which ǫ V is evaluated. Tensor fluctuations are thus always sub-dominant in slow-roll andn s is close to unity, as observed by COBE [4] .
Much work has been carried out recently using the second-order results of [20] . However here the second-order corrections to Eqs. (5.4) -(5.6) prove too cumbersome to be of use, as well as exceeding the accuracy of the approximate results already presented. Confining ourselves to a first-order treatment and utilising Eqs. (2.12) and (2.13) yields
These expressions are evaluated at horizon crossing when k(φ) = aH. The relation between the field φ and scale k is established by considering the number of e-foldings of contraction experienced by the comoving Hubble length (aH) −1 , given bȳ 10) where the subscripts i and f denote the initial and final values of (aH). The functional form ofN (k) is irrelevant for our discussion here although an expression is given in [17] . More pertinent here is the counterpart function,N (φ), given to lowest order in PSRA parameters
With a view to numerical evauation, the M P l factors have been restored to this expression and are retained hereafter. The form ofN is dependent upon the range of m and n and the appropriate limit of φ required to obtain inflationary behaviour:
(i ) 0 < m < 1 and m ≤ 0, n = 0 as φ → ∞ or m > 1 as φ → 0. In these cases we
(5.12)
(ii ) m ≤ 0, n = 0, φ → ∞. The result here is simpler, A successful model of inflation requires a minimum of 70 e-foldings of comoving contraction (to solve the horizon and flatness problems) before the conditions ǫ V , η V ≪ 1 become violated [6] . This constraint provides bounds on the potential in models where φ 1 is fixed by particular initial conditions. When the potential possesses a minimum this does not apply; then, ǫ V , η V → 0 at late times, and such models must be modified if inflation is to end. Potentially, this permits an enormous amount of expansion.
It was seen earlier that the amplitude of the fluctuations arising from slow-rolling inflation is dominated by the scalar component. This has been calculated to zeroth order in the
For the potential of Eq. (1.1) this implies
The form ofN (k) given in [17] implies that (aH) −1 shrunk to scales of astrophysical interest at approximately φ = φ * , 60 comoving e-folds before the end of inflation, a figure which is weakly sensitive to the physics of reheating. Models in which inflation ends naturally (namely those occupying the regions m < 0, n ≥ 0 or m > 1, n = 0 of m -n parameter space) can thus be constrained further by demanding δ H (k * ) be consistent with observational data. This requires knowledge of φ(ǫ V ) so that one may obtain a reliable approximation to φ end ≃ φ(ǫ V = 1), the value of φ at which inflation ends. In particular, if n = 0 we find
Which, in conjunction with Eq. (5.12) yields
Substituting this result, and n = 0, into Eq. (5.15) we obtain the model prediction,
Under particular circumstances this expression simplifies. When m = 2, 19) and as m → ±∞,
The most recent analysis of the COBE data [5] gives δ H ≃ 2.3 × 10 −5 which, once λ and m have been fixed, imposes a constraint on the value of V 0 .
Conclusions
We have studied the behaviour of inflationary universe models emerging when one posits a form for the inflaton potential containing both exponential and power-law factors. By examining the validity of the slow-roll approximation in these models at the extremes of φ we have determined the structure of the m -n parameter space at early and late times. We have isolated the regions in which inflation may occur in these two eras and we have obtained a wide variety of qualitatively different solutions to the equations of motion, dependent to a large extent on the value of m. We find that when m > 1, quasi-de Sitter inflation is manifest at early-times provided n = 0 but this is not a feature as t → ∞, where the potential tends to zero faster than the kinetic energy of the field, and all models are non-inflationary. This is the case at all times when m > 1, n = 0; these models can never inflate. Within the broad range 0 ≤ m ≤ 1 inflation is generic at late times for all n. In particular, when m = 0, the solutions exhibit polynomial-chaotic or intermediate inflationary behaviour (dependent upon the sign of n) and, if n = 0, we recover the de Sitter solution. If m = 1 and n = 0 we have power-law inflation; when n = 0 the behaviour will asymptote to the power-law form at large t. When 0 < m < 1 the scale factor approaches a new type of behaviour, proportional to exp(ln (2−m)/m t) as t → ∞. If m < 0 and n ≥ 0, inflation occurs at early times; but, if n < 0, it proceeds once more as a late-time phenomenon and the precise form of the inflationary behaviour is determined by the specific value of n.
In summary, our analysis extends the treatment presented in [16] to establish a set of sufficient conditions for inflation to occur at early or late epochs, summarised in Table 1 below.
Early Late All Times Times Times m ≤ 0, n ≥ 0 0 ≤ m ≤ 1 m = 1, n = 0 or or or m ≥ 1, n = 0 m ≤ 0, n < 0 m = n = 0 Table 1 : The conditions on m and n in V (φ) = V 0 φ n exp(−λφ m ) for inflation to occur.
The calculation of the perturbation spectra produced in these theories allows further constraints to be placed on m, n and λ by comparison with microwave background observation. Moreover, the restrictions imposed on V 0 from the amplitude of scalar fluctuations go some way toward determining the energy scale at which inflation occurs [21] .
